Abstract. The analytical solutions of the Schrödinger equation for a square well system subjected to an externally applied electric field in the growth direction and an externally applied tilted magnetic field are obtained and the results are discussed. The dependence of the energy spectrum of the system on the external electric fields as a function of the orbit centre is also discussed.
Introduction
An external magnetic field can be applied parallel, perpendicular or at an angle to the growth direction of a heterosystem in order to study a two-dimensional electron gas under external magnetic field. A transverse configuration (F ⊥ B) is usually applied to the quantum well in magnetotransport experiments to determine carrier concentration and carrier mobility in each subband, which are of interest both technologically and academically.
In bulk semiconductors the behaviour of carriers under magnetic and electric fields are better understood than in low-dimensional semiconductor (LDS) structures. In LDS structures, the confinement effects of carriers have been widely studied during the last 15 years because of the different electronic properties and broken translational symmetry which are not found in bulk materials. Thus, there has been an increasing interest in the electromagnetic properties of a quasi two-dimensional electron gas in quantum well semiconductor heterostructures due to the possibility of high-performance electronic and optical device applications. On the other hand, the fundamental study of the energy spectrum of an electron in a quantum well or in a single barrier structure might shed light on the transport phenomena of quantum devices. Therefore, there is an equally strong academic interest in these structures.
Many experiments with tilted magnetic fields include mixing of degenerate Landau levels originating from different electronic subbands (induced by the magnetic field component parallel to the growth direction in cyclotron resonance experiments [1, 2] ), and the cos θ dependence of the amplitudes in Shubnikov-de Haas (SdH) oscillations in early experiments on modulation doped structures [3, 4] , and recently on Si δ-doped structures [5] , where θ is the tilt parameter. In a parabolic potential well eigenenergies of two-dimensional electrons subjected to a tilted magnetic field have been solved analytically by Maan [6] . This solution was utilized as a good approximation in analysing the experimental findings of transport measurements of these structures.
Results obtained in this work are also of interest for hot electron light emission and lasing in semiconductor heterostructure (HELLISH) devices that have been proposed by da Cunha et al [7, 8] . In HELLISH devices, quantum wells are buried in the depletion region of a p-n junction formed by the wide-gap material. Therefore, confined carriers are subject to a built-in electric field in the growth direction. Our results indicate that since the built-in electric field is high in depletion regions, magnetotransport measurements in HELLISH devices where the magnetic field is in the same direction as the built-in electric field have to take this into account.
In the our last paper [9] we reported the dependence of the eigenenergy on the orbit centre in a symmetric quantum well under sufficiently high magnetic field at different θ values. In this paper we have studied the energy spectrum of an electron for different orientations of the magnetic field while keeping the electric field parallel to the growth direction. The application of successive transformations makes the Hamiltonian separable in terms of the new coordinates [9] . The general solution goes smoothly to the results of two limits where the magnetic field is either parallel or perpendicular to the layers while the electric field is applied to the growth direction as mentioned above. Thus, we can completely solve the Schrödinger equation using a square well potential as the confining potential and obtain analytical solutions without making any approximations for two-dimensional semiconductor heterostructures under externally applied tilted magnetic and electric fields.
Theory
We consider a quantum well of width L and the potential height V 0 in an externally applied constant uniform magnetic field B in the (x-z) plane, B = (xB cos θ, 0, zB sin θ) where θ is the angle between the direction of B and the x-axis (figure 1). The magnetic field can be described by the vector potential A = (0, xB sin θ − zB cos θ, 0), where the gauge is considered as ∇ · A = 0. The Hamiltonian of an electron in such a system can be written in SI units as
where µ is the effective mass of the electron and V (z) is the potential energy of the electron in the well which includes the electric field term eF z. A schematic representation of V (z) is given in figure 1 . For the present case the functional form of V (z) is
where S is the step function, and the left and right boundaries of the well are located at z = z L and z = z R respectively. Making use of the translational symmetry in the y-direction, the wavefunction of the system can be written as ψ(r) = exp(ik y y)ϕ(x, z), and by using the vector potential we can rewrite the Hamiltonian of the system as
By using the point canonical transformation
where the magnetic field B coincides with the x -axis, the Hamiltonian of the system can be written as
where we have used ω = eB/µ for the cyclotron frequency, z 0 =hk y /eB = a 2 H k y for the position of the orbit centre, and a H = (h/µω) 1/2 for the magnetic length. After this coordinate transformation the left and right boundaries of the well on the z and x -axes are
respectively. The solution of the corresponding Schrödinger equation is not straightforward since after the coordinate transformation the potential energy of the electron in the well V (x , z ) couples the x and z variables. In order to decompose the potential energy V (x , z ) we rewrite the step functions in equation (2) as follows:
By considering the above equations we can separate the potential as (details are given elsewhere [7] )
where
Consequently we can decompose the Hamiltonian of the system as
The corresponding one-dimensional Schrödinger equations are given as
where H x describes a one-dimensional quantum well system with an effective height of V eff = V 0 sin 2 θ and an effective length of L eff = L sin θ, resulting in an energy spectrum independent of k y . Similarly H z describes a quantum well system with an effective height of V eff = V 0 cos 2 θ , an effective length of L eff = L cos θ, and an additional magnetic field term which is applied along xaxis resulting in a k y -dependent energy spectrum. Now, we try a solution for the separated wavefunction in the following form:
and the corresponding energy spectrum is given as E = E x + E z . Due to the coordinate transformation in the x direction the system has a quantum well with a width of L sin θ and a potential height V 0 sin 2 θ. It means that the external field component F sin θ changes the potential profile by the eF sin θ x linearly. The solution of the Schrödinger equation for the x direction H x χ(x ) = E x χ(x ), is given in terms of the Airy functions (A i and B i ) [10, 11] . In the square, parabolic and graded quantum well structures external field dependence on confining carriers (electron and holes) has been extensively investigated and also it has been found that excitons are very sensitive to the external parallel electric field to the growth direction in these structures [12] [13] [14] . This sensitivity of the excitons to the external field makes possible the fabrication of new optoelectronic devices [15] [16] [17] . On the other hand, in the z -direction we follow here the treatment of Lee et al [18] to determine the eigenstates E z of the system. By using u = z 0 − z and the dimensionless variablesũ = (
If we shift the normalized coordinateũ by an amount −2β, ζ =ũ − 2β, the Schrödinger equation is written in the new coordinate
From the asymptotic properties of the Weber functions, the solution corresponding to the z -motion is given by the wellknown Weber functions D m (ζ ). The general solution of the Schrödinger equation corresponding to z -motion is given as [8] 
, and the parameters m, m are related to the eigenvalues as
respectively. The coefficients C 1 , C 2 , C 3 and C 4 are the normalization constants for each region. The quantum numbers m and m are related to each other by m − m =Ṽ 0 cos 2 θ . Applying the continuity conditions of the wavefunction and its first derivative at the boundary positionsζ L,R =z 0 −z L,R −2β, we get the master equation defined by
dζ .
Results and discussion
Since the master equation depends on only three independent variables m, θ and k y the dependence of m on k y and θ can be evaluated numerically if the values V ,ζ L andζ R are given by the external electric field F and thus for a givenβ. Without losing generality, and for simplicity in numerical calculations, we have chosen the boundaries of the well at
, after the coordinate transformation which satisfies the following equation
derived from equation (6) . To illustrate what have been said so far we give a practical example of GaAs-Al x GaAs 1−x with x = 0.3; we get V 0 = 225 meV. We use the dimensionless potential heightṼ = V 0 /hω = 5 and the well width L = a H / √ 2 in figure 2. To match this potential height we need B 26 T, which corresponds to a H 50Å, and well width L 36Å. The electric field strength F is 5 × 10 4 V cm −1 . In this study the well width is comparable to the magnetic length a H and the energy levels are quantized by the combined effects of spatial confinement that are the barriers of the quantum well and Landau levels. Consequently, the orbital motion of electrons is reflected by both potential barriers of quantum well, and the energy levels with energy smaller than the barrier height are spatially localized. In figures 2 to 5 the numerical solutions ofẼ z versus the positionz 0 of the orbit centre for different values of θ are plotted, where θ defines the angle between the direction of the magnetic field B and x-axes (see figure 1) . Figures 2(a) and 3(a) show the orbit centre (z 0 ) dependence onẼ z for F = 0, while figures 2(b) and 3(b) and figures 4 and 5 show the same dependence for F = 0 for different θ values. Each spectrum in figure 2 was determined for θ = 0
• . If the external electric field is equal to zero as shown in figure 2(a) , two different regions will be seen in the spectrum; one of them is to the leftand right-hand side in the spectrum (regions I and III in figure 2(a) ) which will not be affected by the well region (indicated by region II in figure 2(a) ). This means that the Landau levels dominate in this region(s). As we see in the barrier regions, the edge of the Landau region (I and III) corresponding to the higher energy levels shifts to higher |z 0 | values than that corresponding to the lower levels.
Due to the increase in orbital radius by the increase of particle energy, in order to dominate the Landau levels the orbital motion of the particle must not be affected from the well boundaries on both sides. As seen in figure 2(a) in the region(s) where the orbit centrez 0 is far from the centre of the well, the low-level electrons see essentially a parabolic shaped magnetic harmonic elevated by V eff . Hence, in these regions ofz 0 the energy levels are dominated by bulk Landau levels, except for a shift of V eff in energy, and for higher states we begin to see the domination of bulk Landau levels at largerz 0 values due to the higher energy and larger cycloid radius. On the other hand, when the energy of the lower state is less than the height of the potential, the particle is considered to be mostly localized in the well region.
These results clearly show two different types of energy states: the states confined in the quantum well (the lowest level in figure 2(a) ), and the extended states (the higher • are given in figure 2(c) in [9] . levels in figure 2(a) ). For θ = 0
• the z -axes coincide with z-axes and the z motion is restricted by the potential barriers with the height ofṼ 0 . As seen from figure 2(a) for θ = 0
• due to the confinement of the particle we have observed the lower state as a bound state in the range of |z 0 | ≤ 4, whereas as the value of θ increases, the effective height of V (z ) decreases and the bound states tends to become like the bulk Landau levels (see figure 3(a) ). In extreme cases, these results are in complete agreement with the previous calculations [18] [19] [20] [21] [22] . When we compare the same energy states for small and large values of θ, we see that for small θ energy states are always higher than for the larger values. On the other hand, for small θ values we see bulk Landau levels at relatively smaller z 0 values (see figures 2(a) and 3(a)). This is expected, since θ values increase as the perpendicular component of magnetic field B decreases, or vice versa. This is obvious since B is inversely proportional to cycloid orbit radius. For example, for θ = 0
• the lower state tends to become like a bulk Landau state atz 0 5.1, whereas for θ = 54
• this is observed at a higher value ofz 0 7.5 (see figure 3(a) for θ = 18
• , and figures 2(c) and 2(d ) in [9] for θ = 36
• and θ = 54
• respectively). Furthermore, in the presence of an electric field, we have also investigated the variation of the numerical solutions ofẼ z versus the normalized orbit centrez 0 for different θ values. Due to the fact thatẼ z for a given m depends onz 0 and F , each energy state decreases by a constant −β 2 at thez 0 = 0 which is proportional to F 2 . As seen in the spectra given in figures 2(b), 3(b), 4 and 5, each level has also a slopeβ in the Landau dominant regions (I and III) compared to F = 0. But the dominant linear region shifts to the positivez 0 values by 2β (regions I and III in the figures). For the same F , each level decreases by increasing θ values. When θ = 0, the walls of the well are higher than the one with θ > 0 due to cos 2 θ in equation (9) , and accordingly the slope of the potential decreases by cos θ. Hence, the spectrum having a smaller slope, decreases to lower energies. Another point to be indicated is that the component of the magnetic field in thẽ z -direction changes by cos θ, as the orbital radius increases with increasing θ. Therefore, the linearity of the spectrum shifts to the larger |z 0 | values. Furthermore, under the electric field (figures 2(b), 3(b), 4 and 5), the left-hand sides of the spectra have lower energies and hence lower orbital radius. Consequently, linearity begins at lowerz 0 values, while, on the right-hand side of the spectra there is a shift towards higher z 0 values. Also notice that in the spectra, as one moves into the higher energy values, for all levels the edges of the linear behaviour shift towards to the higher |z 0 | values. It is also noticeable that for each spectrum, the locus of the edges is similar to a parabolic curve. As in the case of the well region (indicated by II in figures 2-5), the linearity of the Landau dominant region disappears, when the orbit radius of the carrier is comparable with the well width. This orbital motion is called a skipping orbit [19] .
In summary, we present the solution of the Schrödinger equation of a square well potential problem under the influence of externally applied tilted magnetic and electric fields by making the Hamiltonian separable via a substitution followed by a orthogonal transformation. Then, we discuss the energy of the system as a function of the tilting parameter θ and the centre of the cycloid orbit of the electron. We find that in limits of both θ = 0
• and 90
• the results are in complete agreement with published work in the literature. It is also found that if the orbit centre is moved far away from the quantum well, the usual bulk Landau levels shift an amount of V eff in energy.
The oscillatory behaviour of the energy states as a function ofz 0 (region II in the figures) may well be interpreted as an oscillatory kind of effective mass, since the wavevector is in the same direction asz 0 . As far as our knowledge is concern, such an oscillatory effective mass has not been observed experimentally. Therefore, it can only be speculated that this could to be featured as a broadening of the linewidth in PL spectra, where band-toband recombination processes involved with this periodicity in the presence of an electric field and a high magnetic field.
